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Abstract
We obtain tree-level unitarity constraints for the most general Two Higgs Doublet
Model (2HDM) with explicit CP -violation. We briefly discuss correspondence between
possible violation of tree level unitarity limitation and physical content of the theory.
The Electroweak Symmetry Breaking in the Standard Model is described usually
with the Higgs mechanism. In its simplest variant, an initial Higgs field is an isodoublet
of scalar fields with weak isospin ~σ. The simplest extension of the Higgs sector known as
two-Higgs-doublet model (2HDM) consists in introducing two Higgs weak isodoublets
of scalar fields φ1 and φ2 with hypercharge Y = +1 (for a review, see [1] and [2]).
We consider the Higgs potential of 2HDM in the form
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Here, λ1−4, m211 and m
2
22 are real (due to hermiticity of the potential), while λ5−7
and m12 are, in general, complex.
This potential with real coefficients describes the theory without CP violation in
the Higgs sector while complex values of some coefficients here make CP violation in
Higgs sector possible (a more detailed discussion of many points here and references
see in ref. [2]).
• The crucial role in the 2HDM is played by the discrete Z2-symmetry, i.e. sym-
metry under transformation
(φ1 ↔ φ1, φ2 ↔ −φ2) or (φ1 ↔ −φ1, φ2 ↔ φ2). (2)
This symmetry forbids (φ1, φ2) mixing.
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With this symmetry, the CP violation in the Higgs sector is forbidden and Flavor
Changing Neutral Currents (FCNC) are unnatural. In the ”realistic” theory this Z2
symmetry is violated.
Potential (1) contains the m212 term, of dimension two, which softly violates the Z2
symmetry. Soft violation implies that Z2 symmetry is broken near the mass shell, and
is restored at small distances ≪ 1/Mi, where Mi are masses of Higgs particles. The λ6
and λ7 terms lead to hard violation of the Z2 symmetry.
We classify the Higgs–Higgs states according to the value of their Z2-parity: φiφi,
φiφ
∗
i , etc. will be called the Z2-even states, and φ1φ2, φ1φ
∗
2, etc. will be called the
Z2-odd states.
• The Higgs–Higgs scattering matrix at high enough energy at the tree level contain
only s–wave amplitudes; it is described by the quartic part of the potential only. The
tree level unitarity constraints require that the eigenvalues of this scattering matrix be
less than the unitarity limit.
Since the coefficients of the scattering matrix at high enough energy are given only
by parameters λi of the Higgs potential, the tree-level unitarity constraints are written
as limitations on parameters λi (for example, in the minimal SM, with one Higgs
doublet and V = (λ/2)(φ†φ− v2/2)2, such unitarity constraint looks as λ < 8π).
Until now, these constraints were considered only for the case with softly broken
Z2 symmetry and without CP violation, i.e. with λ6 = λ7 = 0 and real λ5, m
2
12 [4, 5].
These results were extend for the case with softly broken Z2 symmetry and with CP
violation in [2]. Here we consider most general case. Our approach is easily applicable
to other extended Higgs sectors discussed in literature.
• After electroweak symmetry breaking (EWSB) all eight components of two com-
plex isodoublet fields are transformed into three Goldstone fields (which are trans-
formed to longitudinal components of gauge bosonsWL, ZL), two charged Higgs bosons
H± and three neutral Higgs bosons h1, h2, h3 (which might happen to have no definite
CP parity).
A natural way for derivation of the tree level unitarity constraints is to construct
the scattering matrix for all the physical Higgs–Higgs (as well as ZLhi, WLWL, etc.)
states in the tree approximation at high enough energy (where threshold effects are
inessential) and diagonalize it. This very way was realized in the first derivation of
such constraint in the Minimal Standard Model [7].
The tree-level unitarity constraints are written for the scattering matrix as the
limitations for its eigenvalues. They can be obtained in any basis related to the physical
basis by a unitarity transformation. The derivation simplifies in the basis of the non–
physical Higgs fields φ±i , ηi, ξi, [4, 5].
• In the the high-energy scalar-scalar scattering, the total weak isospin ~σ, the total
hypercharge Y are conserved1, with possible values Y = 0, 2, −2 and σ = 0, 1.
To consider Y = 0 states, note that the isospinors φa (with a = 1, 2 indicating
the doublet) can be represented as columns, while φ†a are rows. Therefore, the direct
product φbβφ
†
aα represents a 2×2 matrix for every pair of a and b. Since Pauli matrices
plus unit matrix form a basis in the space of hermitian 2× 2 matrices, one can write2
φbβφ
†
aα = A0 · δβα + ~A · ~τβα with A0 = (φ†aφb)/2, Ai = (φ†aτ iφb)/2. Therefore,
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∗
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1
2
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r
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]
. (3)
1This classification looks more natural than both the O(4)-classification introduced in [7] (in the minimal SM)
and the scheme based on new quantum numbers C, G, and Ypi introduced in [5].
2The first term A0 represents isoscalar, while the second ~A – isovector.
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The total set of possible initial states with hypercharge Y = 0 in our case can be
written as scalar products
Z2 even︸ ︷︷ ︸ Z2 odd︸ ︷︷ ︸
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2
(φ†
1
φ1),
1√
2
(φ†
2
φ2),
1√
2
(φ†
1
φ2),
1√
2
(φ†
2
φ1) ,
Y = 0, σ = 1 : 1√
2
(φ†
1
τ iφ1),
1√
2
(φ†
2
τ iφ2),
1√
2
(φ†
1
τ iφ2),
1√
2
(φ†
2
τ iφ1) .
(4)
where i = +, z,−.
To repeat this trick for the hypercharge Y = 2 states, we introduce rows φ˜a =
(iτ2φa)
T = (na,−φ+a ) and corresponding columns φ˜†a = (iτ2φa)∗. Note that the
isoscalar form φ˜aαφbα is antisymmetric under permutation a↔ b, φ˜aαφbα = −φ˜bαφaα,
while isovector is symmetric under this permutation.
The total set of possible initial states with hypercharge Y = 2 can be written
similarly to (4) as
Z2 even︸ ︷︷ ︸ Z2 odd︸ ︷︷ ︸
Y = 2, σ = 0 : absent, 1√
2
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2
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1
2
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1√
2
(φ˜1τ
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1√
2
(φ˜2τ
iφ1) .
(5)
The factor 1/2 for Z2-even case here is due to the presence of identical particles in the
initial state. The Z2 even states with Y = 2, σ = 0 are absent (it follows directly from
the Bose-Einstein symmetry of identical scalars.). The states with Y = −2, σ = 1 are
obtained from those for Y = 2 by charge conjugation.
Now similarly to (3) one can write following relation:
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2
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∗
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∗
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r
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]
. (6)
The scattering matrix for each set of states with given quantum numbers Y and
σ (4), (5) in tree approximation is calculated easily from the potential (1) with the
aid of eq-s (3), (6). The results are presented in (7). In each case left upper corner
presents scattering matrix for Z2–even states and right–down corner – for Z2–odd
states, coefficients λ6, λ7 describe mixing among these states.
8πSY =2,σ=1 =

 λ1 λ5
√
2λ6
λ∗5 λ2
√
2λ∗7√
2λ∗6
√
2λ7 λ3 + λ4

 , (7a)
8πSY =2,σ=0 = λ3 − λ4 , (7b)
8πSY =0,σ=1 =


λ1 λ4 λ6 λ
∗
6
λ4 λ2 λ7 λ
∗
7
λ∗6 λ
∗
7 λ3 λ
∗
5
λ6 λ7 λ5 λ3

 , (7c)
8πSY =0,σ=0 =


3λ1 2λ3 + λ4 3λ6 3λ
∗
6
2λ3 + λ4 3λ2 3λ7 3λ
∗
7
3λ∗6 3λ
∗
7 λ3 + 2λ4 3λ
∗
5
3λ6 3λ7 3λ5 λ3 + 2λ4

 . (7d)
The unitarity constraint meant that S < 1, therefore it limit eigenvalues of the
written matrices Λ by inequalities
|Λ| < 1
8π
. (8)
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Unfortunately, explicit expressions for these eigenvalues are very complex since they
should be obtained from equations of 3-rd or 4-th degree.
However it is useful to present result for the case of softly broken Z2 symmetry with
possible CP violation (obtained in [3] as generalization of [4]). In this case λ6 = λ7 = 0,
our scattering matrices become block diagonal and their eigenvalues are calculated
easily. Now all eigenvalues of above scattering matrices can be written as ΛZ2Y σ±
Λeven21± =
1
2
(
λ1 + λ2 ±
√
(λ1 − λ2)2 + 4|λ5|2
)
, Λodd21 = λ3 + λ4 , Λ
odd
20 = λ3 − λ4 ,
Λeven01± =
1
2
(
λ1 + λ2 ±
√
(λ1 − λ2)2 + 4λ24
)
, Λodd01± = λ3 ± |λ5| , (9)
Λeven00± =
1
2
[
3(λ1 + λ2)±
√
9(λ1 − λ2)2 + 4(2λ3 + λ4)2
)
, Λodd00± = λ3 + 2λ4 ± 3|λ5| .
The obtained constraints (8), (9) differ from those obtained in ref. [4] only by the
change λ5 → |λ5|.
• To describe the general case with hard violation of Z2 symmetry, we use following
fact:
For a Hermitian matrix M = ||Mij || with maximal and minimal eigenvalues Λ+ and
Λ−, respectively, all diagonal matrix elements Mii lie between these eigenvalues,
Λ+ ≥Mii ≥ Λ− . (10)
This fact follows from extremal properties of the n-dimensional ellipsoid, that is
Λ−
∑
x2i ≤
∑
Mijxixj ≤ Λ+
∑
x2i . (For 2× 2 matrix proof is evident.)
The diagonalization of scattering matrices, yielding their eigenvalues, can be real-
ized in two steps. First, we can diagonalize corners of these matrices corresponding to
fixed values of the Z2 parity. At this step we obtain scattering matrices with diagonal
elements described by eq-s (9). Therefore, by virtue of (10) the constraints (8), (9)
are necessary conditions for unitarity. They are enhanced due to λ6, λ7 terms describ-
ing hard violation of the Z2 symmetry. The shift of eigenvalues (9) caused by these
terms can be easily calculated in the case of a weak hard violation of Z2 symmetry
3
|λ6,7| ≪ ΛZ2Y,σ.
• Some invariants of reparametrization transformations. The 2HDM con-
tains two doublet fields, φ1 and φ2, with identical quantum numbers. Therefore, its
most general form should allow for global transformations which mix these fields and
change the relative phase. Each such transformation generates a new Lagrangian,
with parameters given by parameters of the incident Lagrangian and parameters of
the transformation (the reparametrization invariance) – see for details [2].
The eigenvalues of scattering matrices (7) are – by construction – reparametrization
invariant quantities. In the standard equations for eigenvalues of these matrices their
coefficients are also invariants of reparametrization transformation4 since they can be
constructed from the eigenvalues. Each n× n matrix SY σ in (7) generates n invariant
polynomials of λi: one of the first, one of the second, etc. order. A convenient choice
of these invariants is Tr{SkY σ} for k = 1, . . . , n. (Det{SY σ} can be also used instead
of Tr{SnY σ}.) It gives 12 invariants. Of course, not all of them are independent. For
3In our opinion, precise equations for eigenvalues with solutions of equations of 3-rd or 4-th degree have no
big sense.
4 This set of invariants presents important subset from huge set considered in ref. [9].
4
example, among the four invariants linear in λi, which we denote IY σ ≡ 8πTr{SY σ}
according to their Y and σ,
I21 = λ1 + λ2 + λ3 + λ4 ,
I20 = λ3 − λ4 ,
I01 = λ1 + λ2 + 2λ3 ,
I00 = 3(λ1 + λ2) + 2λ3 + 4λ4
(11)
only two are linearly independent. This is related to the fact that there exist only two
independent linear combination of parameters λi of the general quartic 2HDM poten-
tial, corresponding to two scalars of the SU(2)×U(1) group, describing reparametriza-
tion symmetry [10].
• Limitations for masses. Note that in the considered tree approximation the
masses of Higgs bosons are composed from quantities λi and quantity ν ∝ Re(m212)/v1v2
(the quantity m212 in a special rephasing gauge different from that used above – see
[2] and [8] for details). Since parameter m212 does not enter the quartic interactions,
the above unitarity constraints, generally, do not set any limitation on masses of ob-
servable Higgs bosons, which was explicitly noted in [5]. Reasonable limitations on
these masses can be obtained for some specific values of ν. For example, for reasonably
small value of ν one can have the lightest Higgs boson mass of about 120 GeV and
the masses of other Higgs bosons can be up to about 600 GeV without violation of
tree-level unitarity [2]. At large ν, masses of all Higgs bosons except the lightest one
can be very large without violation of unitarity constraint.
• Unitarity constraints and strong interaction in Higgs sector. Let us
discuss briefly some new features, which are brought up by the situation with unitarity
constraints in 2HDM.
The unitarity constraints were obtained first [7] in the minimal SM. In this model,
the Higgs boson mass MH = v
√
λ, and its width Γ (given mainly by decay to longi-
tudinal components of gauge bosons WL, ZL) grows as Γ ∝ M3H . The unitarity limit
corresponds to the case when ΓH ≈MH , so that the physical Higgs boson disappears,
the strong interaction in the Higgs sector is realized as strong interaction of longitudi-
nal components of gauge bosons WL, ZL at
√
s > v
√
λ & v
√
8π ≈ 1.2 TeV. Therefore,
if λ exceeds the tree-level unitarity limitation, the discussion in terms of observable
Higgs particle becomes meaningless, and a new physical picture for the Electroweak
Symmetry Breaking in SM arises.
Such type of correspondence among the tree level unitarity limit, realization of the
Higgs field as more or less narrow resonance and a possible strong WLWL and ZLZL
interaction, can generally be violated in the 2HDM if values of λi differ from each other
essentially. Large number of degrees of freedom of 2HDM generates situations when
some of Higgs bosons of this theory are ”normal” more or less narrow scalars (whose
properties can be estimated perturbatively), while the other scalars and (or) WL, ZL
interact strongly at sufficiently high energy. It can happen that some of the latter
can be realized as physical particles, while the other disappear from particle spectrum
like Higgs boson in SM with large λ. In such cases the unitarity constraints work in
different way for different physical channels. The list of possibilities will be studied
elsewhere.
• The scheme proposed above can be readily exploited in the study of some other
multi-Higgs models. For example, the model with two Higgs doublets plus one Higgs
singlet (σ = 0) with Y = 0 can be described by potential (1) plus additional terms. In
this case scattering matrices SY =2,σ, SY =0,σ=1 have the form (7a)-(7c) while scattering
matrix SY =0,σ=0 is obtained from that written in (7d) by adding of one column and
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one row. Besides, only one new scattering matrix SY =1,σ=1/2 appears in this case.
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